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Back to school: curves in the plane

Algebraic geometry is the study of solutions sets to polynomial
equations. These sets are called algebraic varieties.

x2 + y2 = 1 xy = 1 y2 = x3 − x + 1
Circle Hyperbola Elliptic curve



Fertile ground for interactions

Algebraic geometry has interactions with many other areas of
maths, for example number theory and topology.

Understanding
the points of the variety

xn + yn = 1

for which (x , y) are rational numbers is equivalent to solving
Fermat’s Last Theorem. On the other hand, understanding the
general shape of the set of solutions over the real or complex
numbers is a question for topology.

In the twentieth century algebraic geometry became a forbiddingly
technical subject, well-insulated from non-mathematical influences.
This has completely changed since the 1990s: algebraic geometry
is now at the centre of a fascinating interaction between pure
mathematics and string theory.
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Complex projective varieties

A key idea is that instead of working over the real numbers we
should look at solutions to our equations in the complex numbers

C = {a + ib : a, b ∈ R}, i =
√
−1.

This has a unifying effect: for example, the two varieties

x2 + y2 = 1 and x2 + y2 = −1,

look very different over the real numbers, but over the complex
numbers they look the same, and indeed the change of variables
(x , y) 7→ (ix , iy) gives an identification between the two.

Another simplification is to consider projective varieties: this adds
finitely many points ‘at infinity’. For example, the hyperbola from
the first slide becomes a circle when viewed in this way.
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Algebraic curves

We have been considering complex varieties defined by a single
equation in two unknowns. They are called algebraic curves or
Riemann surfaces. A smooth one looks as follows:

Genus 0 Genus 1 Genus 2

The genus g measures the number of holes. The circle and
hyperbola are of genus 0, whereas elliptic curves have genus 1. In
general an algebraic curve defined by a polynomial of degree d has
genus

g =
1

2
(d − 1)(d − 2).
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Some history

The systematic theory of algebraic curves dates from the
nineteenth century. Higher-dimensional varieties are defined by
considering more equations in more unknowns.

Cubic surface: Oliver Labs

Two-dimensional varieties (surfaces) were intensively studied by
the Italian school 1870 – 1950. In the period 1950 – 1970 the
focus was on putting this work on a firmer foundational footing.
By 1980 attention was moving on to threefolds.
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String theory

In string theory particles are replaced by small loops.

Mathematically this is modelled by considering maps of Riemann
surfaces into space-time M.

The theory works best when M has dimension 10 and is of a
particular geometric form known as Calabi-Yau. For a physically
meaningful model one is supposed to take

M = R3,1 × X ,

where X is a compact, complex Calabi-Yau threefold.
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Work in progress!

Algebraic geometry provides many examples of Calabi-Yau
threefolds. A famous one is the Fermat quintic:

x5
1 + x5

2 + x5
3 + x5

4 + 1 = 0.

String theory associates to such a variety a quantum field theory.
Unfortunately this is not a mathematically well-defined object.
Nonetheless physicists have used it to make many remarkable and
accurate predictions about the geometry of Calabi-Yau threefolds.

As mathematicians we would like to prove (or disprove) the
physicists’ predictions. More importantly though, we want to build
a coherent mathematical framework to explain their ideas. Over
the last twenty years many new mathematical theories have been
introduced in pursuit of this goal. We are currently in a period of
rapid progress. It is a time of experimentation, improvisation and
confusion, but above all, of excitement!
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Dualities

One of the most powerful features of string theory is the existence
of dualities relating geometrically very different Calabi-Yau
varieties. These dualities can be modelled mathematically via
equivalences of associated algebraic structures called derived
categories. The objects of these categories correspond to
important objects in string theory known as D-branes.

As well as constructing new examples of equivalences of derived
categories, my work has focused on the internal properties of such
categories. In particular I introduced spaces of stability conditions.
These provide a mathematical description of the global properties
of certain parameter spaces appearing in string theory. They also
give a mathematical approach to the objects known as BPS branes.
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A picture

Below is a picture of a space of stability conditions. Each blue dot
represents a different phase of the theory. They are linked by
duality operations called mutations.
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Associated to each phase of the theory is a region in the space of
stability conditions. The union of all the regions is a disc.


